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Minimum fuel circular-to-circular low-thrust orbital transfers with prescribed transfer time and with the thrust
always directed parallel to the velocity vector are developed for a variable-specific-impulse system. The changeable
specific impulse serves as the control variable. The power input is assumed to be constant, and the resulting thrust
magnitude is inversely proportional to the chosen specific impulse. With these engine specifications, and under
the assumption that the thrust magnitude always remains small compared to the gravitational forces, it is shown
that the optimal specific impulse profile increases linearly with time. The associated optimal thrust magnitude is
proportional to the vehicle mass; that is, the thrust per unit of vehicle mass remains constant. The mass fraction
obtained with variable specific impulse is shown to be greater than or equal to that obtained with constant specific
impulse; the advantage can be significant for orbital transfers with large changes in the semimajor axis.

I. Introduction

T HE Variable Specific Impulse Magnetoplasma Rocket
(VASIMR)1,2,¶ engine under development at the NASA

Johnson Space Flight Center is an example of a next-generation elec-
tric propulsion system in the variable-specific-impulse class. In con-
trast to the well-known ion thrusters or Hall thrusters, the VASIMR
engine accelerates plasma not along a linear path but along a spiral
path, much like in a cyclotron. The longer the plasma is kept magnet-
ically trapped on its spiral path before it is expelled through a mag-
netic nozzle, the more energy is deposited in the accelerated mass,
and the higher is the exhaust velocity. It is expected that this physical
setup will enable extremely high specific impulses of up to 30,000 s.

Clearly, the new design also adds the inherent capability to
“throttle” the engine. It is anticipated that, by controlling the mag-
netic nozzle that releases the plasma from its spiral path into a linear
exhaust nozzle, the specific impulse can be throttled between 3000
and 30,000 s. Given a constant input power from solar panels or a
nuclear reactor, the thrust is inversely proportional to the specific
impulse. Obviously, the longer the plasma is kept trapped on its
spiral path, the larger is the specific impulse, and the smaller is the
mass flow and the thrust.

The low-thrust escape or capture trajectory can have many hun-
dreds of revolutions around the central body because the low thrust
is relatively very small compared to the gravitational force of the

Presented as Paper 2003-0122 at the AAS/AIAA Space Flight Mechanics
Meeting, Ponce, PR, 9–13 February 2003; received 24 December 2003;
revision received 21 August 2004; accepted for publication 13 September
2004. Copyright c© 2005 by the American Institute of Aeronautics and
Astronautics, Inc. All rights reserved. Copies of this paper may be made for
personal or internal use, on condition that the copier pay the $10.00 per-copy
fee to the Copyright Clearance Center, Inc., 222 Rosewood Drive, Danvers,
MA 01923; include the code 0731-5090/05 $10.00 in correspondence with
the CCC.

∗Vice President, 303 Butler Farm Road, Suite 104 A; seywald@
ama-inc.com.

†Aerospace Engineer, Mail Stop 328; c.m.roithmayr@larc.nasa.gov.
‡Senior Aerospace Engineer, Mail Stop 328; p.a.troutman@larc.nasa.gov.
§Associate Professor, Center for Astrodynamics and Space Technology,

Department of Astronomy and Space Science; spark@galaxy.yonsei.ac.kr.
Senior Member AIAA.

¶Data available online at http://spaceflight.nasa.gov/mars/technology/
propulsion/aspl/vasimr.html.

central body. Hence, it is very difficult and time consuming to find
the optimal low-thrust trajectory near the central body by numerical
means when the thrust direction is variable and even more diffi-
cult when the thrust magnitude is also variable. To overcome the
difficulties in numerical studies, it is necessary to develop ana-
lytical solutions to obtain insights into the optimal trajectory of
a spacecraft with a variable thrust engine. Previous related work
is described as follows. In Ref. 3, Battin analytically determines
the flight time and the approximate number of revolutions required
to escape a planet by using constant tangential thrust acceleration.
Stewart and Melton apply perturbation analysis methods in Ref. 4
to a constant low-thrust trajectory and derive approximate analyt-
ical solutions. Approximate formulas for minimum-time, constant
tangential low-thrust trajectories near an oblate planet are obtained
by Sukhanov and Prado in Ref. 5. The problem of minimum-time
low-thrust travel is treated by Kiforenko et al. with the averag-
ing method to obtain an analytical approximation in Ref. 6. An
analytical solution of a low-thrust transfer orbit yields the evolu-
tions of orbital elements caused by constant thrust, as shown by Xin
and Lin in Ref. 7. The analytical solutions obtained in the foregoing
references are all associated with constant thrust. For variable thrust
magnitude, a first-order analytical solution is developed in terms of
the imposed changes on the orbital elements.8 That analysis is com-
plicated and somewhat impractical because it considers changes in
all of the orbital elements. Thus, in this paper we develop simple
and reasonably accurate analytical solutions to low-thrust escape
and capture trajectories with variable thrust magnitude.

In the absence of any constraints on the time required to perform a
given orbital transfer, it is always optimal to operate the engine at its
highest possible specific impulse. However, if time constraints are
present, it might be necessary to trade some of the specific impulse
in return for higher thrust. The main objective of the present paper
is to optimize this tradeoff for a particular mission.

Explicitly, the current paper is concerned with finding the optimal
specific-impulse profile and the associated thrust profile that mini-
mizes the overall fuel consumption required for a time-constrained,
planar, circular-to-circular low-thrust orbital transfer. The optimiza-
tion is performed in two steps. First, a simplified dynamical system
is derived based on the assumption that the thrust is always small
in magnitude and that the thrust direction is always the same as, or
opposite to the velocity vector direction. For this simplified dynam-
ical system, the overall velocity increment required to perform the
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orbital transfer is calculated as an explicit function of the prescribed
boundary values for the initial and final semimajor axes. The op-
timization is then performed through variational methods such as
those discussed in Refs. 9–13 to determine the optimal thrust his-
tory that achieves the prescribed velocity increment with minimum
fuel expenditure. The analytical results presented in this paper pro-
vide fast and relatively accurate approximations to the trajectory
performance.

II. Problem Formulation
The following subsections describe the orbital dynamics and the

assumed characteristics of the VASIMR.

A. Equations of Motion
We consider the motion of a spacecraft orbiting in an inverse

square gravitational field with the thrust always parallel to the ve-
locity vector. Explicitly, the equations of motion are

ṙ = v (1)

v̇ = −µ · r/r 3 + T/m · v/v (2)

ṁ = −|T |/ve (3)

where r and v denote the spacecraft position and velocity vectors,
respectively, and the scalars r and v denote the magnitudes of these
vectors, that is, r = √

(r · r), v = √
(v · v). Furthermore, m denotes

the spacecraft mass, the constant µ denotes the central body’s grav-
itational constant, and ve denotes the exhaust velocity. Note that,
in this paper, the thrust magnitude T can take on positive as well
as negative values. Positive values of T refer to the case where the
thrust is directed along the velocity vector, and negative values of T
refer to the case where the thrust is directed opposite to the velocity
vector.

Specifically, we are concerned with minimizing the fuel consump-
tion of a VASIMR-powered spacecraft in a circular-to-circular orbit
transfer.

B. Description of VASIMR Engine
The VASIMR engine is an electric propulsion system. For con-

stant power input into the engine, it is anticipated that the specific
impulse will be throttleable between 3000 and 30,000 s. Clearly, the
kinetic energy stored in the expelled mass increases quadratically
with the specific impulse Isp, whereas the generated momentum in-
creases linearly with Isp. Explicitly, given a constant input power P ,
and assuming a constant efficiency factor q ∈ [0, 1] for the ratio of
engine input power P to the kinetic energy deposited in the expelled
mass per unit time, we get q · P = − 1/2ṁv2

e , where ve denotes the
exhaust velocity at which the fuel mass is expelled, and ṁ denotes
the mass flow rate. With ṁ = |T |/ve and

ve = Isp · g (4)

where T denotes the thrust and g denotes the Earth’s gravitational
acceleration, this yields after solving for the thrust magnitude |T |:

|T | = 1/Isp · 2q P/g (5)

III. Calculation of the Required Velocity Increment
In this paper, we are concerned with finding the optimal thrust

history for achieving a planar circular-to-circular orbital transfer
with the VASIMR engine discussed in the preceding section. A
complicating feature of the VASIMR engine as well as any other
high-Isp engine is that it produces only low levels of thrust with
the limited power input typically available in today’s spacecraft.
More precisely, the thrust magnitude produced by the VASIMR
engine is typically small compared to the gravitational forces. This
feature poses special challenges for the trajectory optimization as
the optimal solution typically involves many orbital revolutions and
hence involves many local minima.

In the current section we use the low-thrust assumption to simplify
the equations of motion governing the planar circular-to-circular or-
bital transfer. This leads to an expression for the velocity increment
required to perform the transfer that depends only on the initial semi-
major axis, the final semimajor axis, and the gravitational constant
associated with the central body. In a later section we use this re-
sult to formulate an optimal control problem to achieve a prescribed
velocity increment with minimum fuel.

A. Evolution of Semimajor Axis
Let r and v denote the spacecraft’s radial distance from the central

body and the magnitude of the relative inertial velocity with respect
to the central body, respectively. The semimajor axis a is defined by

a = (2/r − v2/µ)−1 (6)

Differentiating Eq. (6), and using the equations of motion (1) and
(2), yields after some simple manipulations

ȧ(t) = 2
T (t)a(t)2v(t)

m(t)µ
(7)

Note that the exhaust velocity ve does not appear in Eq. (7). More-
over, the thrust magnitude T (t) can be any function of time and/or
states.

B. Approximate Evolution of Semimajor Axis
Under Low-Thrust Assumptions

We now assume that the spacecraft is initially in a circular orbit
about the central body, that the thrust magnitude T is small compared
to the gravitational force acting on the spacecraft, and that the thrust
is applied throughout the course of each orbit in a manner such that
the orbit remains essentially circular.

As a result of these assumptions, the orbit will remain close to
circular at all times. Hence the velocity v will always remain close
to the velocity associated with a circular orbit, that is, we can ap-
proximate v ≈ √

(µ/a) Inserting this in Eq. (7), we obtain

ȧ/2 · √
µ
/√

a(t)3 = T/m (8)

C. Definition of Velocity Increment
The right-hand side of Eq. (8) represents the thrust acceleration

that the vehicle would experience in inertial space, without any ex-
ternal forces other than the thrust acting on the vehicle. The integral
of the absolute value of this acceleration is commonly referred to as
the velocity increment �V , that is,

�V̇ = |T/m|, �V (t0) = 0 (9)

or

�V (t) =
∫ t

t0

∣∣∣∣
T

m

∣∣∣∣dt (10)

D. Velocity Increment Required for Low-Thrust
Near-Circular Spiral Transfers

Because, for our application, the thrust T is either always positive
or always negative, we can write Eq. (10) in the form

�V =
∣∣
∣∣

∫ t

t0

− T

m
dt

∣∣
∣∣

Integrating both sides of Eq. (8) from t0 to t f yields

√
µ

a0
−

√
µ

a f
=

∫ t f

t0

− T

m
dt

Hence, in terms of the velocity increment �V we obtain
∣∣
√

µ/a0 −
√

µ/a f

∣∣ = �V (11)
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Here we use the short-hand notation a(t0) = a0 for the initial semi-
major axis and a(t f ) = a f for the final semimajor axis. Equation (11)
provides the velocity increment �V required to change the semi-
major axis of a circular orbit from a0 to a f in a low-thrust spiral
transfer with the thrust always parallel to the velocity vector. This
expression is in agreement with Eq. (3.66) of Ref. 14.

Note that this velocity increment does not represent the correct
sign for the change in velocity that the vehicle achieves. For example,
for a vehicle in a circular orbit thrusting along the velocity vector
leads to an increase in the orbital altitude and hence to a decrease
in the velocity, whereas the velocity increment

�V =
∫ ∣∣∣∣

T

m

∣∣∣∣ dt

as defined in Eq. (10) is always positive.
Interestingly, Eq. (11) shows that the velocity increment required

to perform the transfer is completely independent of the exhaust
velocity and the thrust. In fact, our derivation of Eq. (11) allows the
thrust and the exhaust velocity to be arbitrary functions of states
and time, as long as the following low-thrust assumptions remain
satisfied:

1) The direction of thrust is either always in the same direction
as the velocity vector or always in the opposite direction.

2) The thrust is always small in magnitude (compared to the
gravitational force) acting on the vehicle.

3) If the thrust varies with time, it is applied along the orbit such
that the intermediate orbit always remains near circular.

IV. Minimization of Fuel Required to Achieve
Fixed Velocity Increment

It was shown in the preceding section that the velocity increment

�V =
∫ ∣∣∣∣

T

m

∣∣∣∣dt

defined in Eq. (10) required to perform a circular-to-circular low-
thrust orbital transfer depends only on the initial semimajor axis and
the final semimajor axis but not on the actual thrust level or on the
specific impulse function of time. Hence, if we want to minimize
the fuel consumption required for a given planar circular-to-circular
orbital transfer, it suffices to minimize the fuel consumption required
to achieve a given velocity increment.

In the following, we formulate an optimal control problem to
determine the optimal thrust history and the associated specific-
impulse function of time to achieve a given velocity increment in a
given time with minimum fuel expenditure. The thrust magnitude
|T | takes on the role of a control variable as it can be selected at will
at every instant of time, within bounds determined by Eq. (5) and
the bounds on the specific impulse. Following Eqs. (3) and (9), the
relevant differential equations for this problem are ṁ = −|T |/(Ispg)
and �V̇ = |T |/m, respectively. Note that the thrust magnitude and
the specific impulse are related by Eq. (5), so that the first differ-
ential equation can be written in the form ṁ = − |T |2/(2q P). The
objective is to find the thrust as a function of time such that the
velocity increment �V is driven from zero to any specified value
�V f within a prescribed time t f with minimal depletion of the ve-
hicle mass m. Because the thrust appears only in absolute values
in this problem, we can drop the absolute values in our equations
of motion and consider only positive thrust values. This is done in
the following formulation to ease notation, but it does not cause any
loss of generality.

Note that we are concerned in the following section only with
minimizing the fuel consumption required to achieve a given veloc-
ity increment �V f . From the preceding results, it is clear that it is
irrelevant whether this velocity increment is used to increase or to
decrease the semimajor axis.

A. Formulation of Optimal Control Problem
The objective is to minimize fuel mass (i.e., maximize the final

vehicle mass) required to achieve a given velocity increment. With

the cost function

J = −m(t f ) (12)

we can formulate the optimal control problem as follows:

minimize J (13)

subject to the differential constraints

ṁ = −T 2/2q P (14)

�V̇ = T/m (15)

the boundary conditions

m(0) = m0 (16)

�V (0) = 0 (17)

�V (t f ) = �V f (18)

and the control constraint

T ∈ [Tmin, Tmax] (19)

The final time t f is given. The explicit relation between the thrust
magnitude and the specific impulse, as assumed in this paper, is
given by Eq. (5).

B. Variational Optimality Conditions
The treatment of the optimal control problem described by

Eqs. (12–19) through variational methods discussed in Refs. 9–13
leads to the following Hamiltonian:

H = −λm(T 2/2q P) + λ�V (T/m) (20)

The costate equations are

λ̇m = −∂ H

∂m
= λ�V

T

m2

λ̇�V = − ∂ H

∂�V
= 0 (21)

and the transversality condition is

λm(t f ) = −1 (22)

At every instant of time, the optimal value for the thrust magnitude
T is obtained from minimizing the Hamiltonian over all admissi-
ble control values T ∈ [Tmin, Tmax] with 0 < Tmin < Tmax. Along arcs
where the control constraint (19) is inactive, the optimal thrust mag-
nitude must hence satisfy15 ∂ H/∂T = 0 and ∂2 H/∂T 2 ≥ 0. The first
condition yields the unique solution

T ∗ = (λ�V /λm)(q P/m) (23)

and the second condition is satisfied if and only if λm ≤ 0. Some
simple calculations and careful consideration of the possible signs
of λm and λ�V show that the overall control logic is given by

T =






Tmin if T ∗ < Tmin,

T ∗ if T ∗ ∈ [Tmin, Tmax], λm < 0

Tmax if T ∗ > Tmax, (24)

Clearly, Eq. (23) still involves the costates λm and λ�V . To obtain
the numerical value of the optimal control setting at any time along
the trajectory, it is required to solve the boundary-value problem
consisting of the state equations (14) and (15), the costate equa-
tions (21), the boundary conditions (16–18), and the transversality
condition (22) with the control logic (23) and (24) inserted.
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It is well known16 that for any state x the associated costate λx

evaluated at time t represents the sensitivity of the final cost J with
respect to perturbations in the state x at time t , that is,

λx (t) = ∂ J

∂x(t)
(25)

From this it is clear that for the present problem (with reasonable
boundary conditions) both costates, λm and λ�V , will be negative
for all times, that is,

λm(t) < 0 ∀t, λ�V (t) < 0 ∀t (26)

In the following section we turn our attention to the problem of find-
ing a closed-form analytical solution to the optimal control problem
described by Eqs. (12–19). We start with the case where the control
constraint (19) never becomes active.

C. Analytical Solution in Unconstrained Case
In the current section we consider the case where the control

constraint (19) never becomes active. That means we assume the
thrust value T ∗ given by Eq. (23) always satisfies the constraint
Tmin ≤ T ∗ ≤ Tmax throughout the trajectory. In addition we assume,
for the moment, that the sign conditions (26) are satisfied through-
out the trajectory. In the final solution we need to verify that these
conditions are in fact satisfied as required, for example, by Eq. (24).

Collecting the state equations (14) and (15), costate equations
(21), the physical boundary conditions (16–18), and transversality
condition (22), and inserting Eq. (23) for the optimal thrust back
into the state and costate equations, leads to the following boundary-
value problem:

ṁ = −(
λ2

�V

/
λ2

m

)
(q P/2m2) (27a)

�V̇ = (λ�V /λm)(q P/m2) (27b)

λ̇m = (
λ2

�V

/
λm

)
(q P/m3) (27c)

λ̇�v = 0 (27d)

m(0) = m0 (28a)

�V (0) = 0 (28b)

�V (t f ) = �V f (28c)

λm(t f ) = −1 (28d)

with t f , �V f , and m0 given. The boundary-value problem described
by Eqs. (27) and (28) can be solved analytically. Namely, solv-
ing Eq. (27a) for λ2

�V and inserting the result into the Eq. (27c)
yields λ̇m/λm = −2ṁ/m. Integrating from t to t f and using
the boundary condition (28d) and the property (26), this yields
λm(t) = −m(t)−2 · m(t f )

2. Inserting this result back into the dif-
ferential equations (27) enables also the analytical integration of
the remaining quantities. Making use of the boundary conditions in
Eqs. (28) yields the unique solution

m(t) =
(

1

m0
+ �V 2

f

2q Pt2
f

t

)−1

(29)

�V (t) = �V f

t f
· t (30)

λm(t) = −m(t f )
2

m(t)2
(31)

λ�V (t) = −�V f m(t f )
2

q Pt f
(32)

Inserting the results of Eqs. (29–32) back into Eq. (23), we get the
optimal thrust time history in terms of quantities that are explicitly
known through the problem formulation, namely,

T ∗(t) =
(

1

m0
+ �V 2

f

2q Pt2
f

t

)−1

· �V f

t f
= m(t)

�V f

t f
(33)

and for the associated optimal specific-impulse function of time, we
obtain

I ∗
sp(t) = 2q Pt f

g�V f
·
(

1

m0
+ �V 2

f

2q Pt2
f

t

)
= 2q Pt f

g�V f m(t)
(34)

Recall that the analytical solution (29–33) derived in this section is
based on the optimal thrust history (23) derived for the case that the
control constraint (19) is not active. As summarized in Eq. (24), this
requires the costate λm to be negative for all times. This condition
is clearly satisfied in the solution obtained here, as can be seen in
Eq. (31). In summary, it has been shown that Eqs. (29–33) furnish the
optimal solution to problem (12–19) as long as the thrust program
(33) satisfies the bounds (19) for all times t ∈ [0, t f ]. The latter
condition obviously represents a requirement on the thrust bounds
Tmin and Tmax, respectively.

D. Constrained Case
We now assume that the control constraint (19) becomes active

throughout or along some portion of the optimal solution.
Following Eq. (24), the optimal thrust setting is constant along

arcs where the control constraint (19) is active, namely, either
T = Tmin or T = Tmax. In these cases, the state and costate equations
are of the form

ṁ = −T 2/2q P, �V̇ = T/m

λ̇m = λ�V (T/m2), λ̇�v = 0 (35)

Note that in Eq. (35) the thrust T is constant with either T = Tmin or
T = Tmax. Along arcs where the control constraint (19) is inactive,
the state and costate equations are of the form shown in Eqs. (27),
and the optimal thrust magnitude is given by Eq. (23). The over-
all trajectory consists of one or more segments of unconstrained
arcs (27) and constrained arcs (35). The boundary conditions of the
overall trajectory remain as in Eqs. (28). At all switching times ts

between constrained and unconstrained arcs, all states and costates,
as well as the optimal thrust function of time remain continuous,
that is,

m
(
t−
s

)= m
(
t+
s

)
, �V

(
t−
s

)= �V
(
t+
s

)
, λm

(
t−
s

)= λm

(
t+
s

)

λ�v

(
t−
s

)= λ�v

(
t+
s

)
, T

(
t−
s

)= T
(
t+
s

)
(36)

Even when the constraint is active along a portion of the trajec-
tory, during the unconstrained portion the thrust is monotonically
decreasing. This can be seen by differentiating T ∗ with respect to
time. Explicitly, from Eq. (23),

d

dt
T ∗ = −λ3

�V

2λ3
m

q2 P2

m4
< 0

Together with the continuity condition (36) this shows that the thrust
is monotonically decreasing throughout. Clearly, based on these
observations, only four different switching structures are possible,
namely,

switching structure 1: Tfree

switching structure 2: Tmax → Tfree

switching structure 3: Tfree → Tmin

switching structure 4: Tmax → Tfree → Tmin (37)
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Here, Tfree denotes the optimal thrust setting along unconstrained
arcs shown in Eq. (23). With the information derived so far in
this section, it is straightforward, however tedious, to solve the
boundary-value problem associated with the constrained case an-
alytically. The results are not shown here, as no fundamental new
insights can be gained from these expressions. Some interesting in-
sights can be gained, however, from the analytical solution of the
unconstrained case, switching structure 1 in Eq. (37), as shown in
the next section.

V. Discussion and Numerical Results
Before we discuss and analyze the properties of the analytical

approximations just derived, we address briefly one of the key as-
sumptions that makes the underlying analysis possible, namely, the
assumption that the thrust direction is always parallel or always an-
tiparallel to the velocity vector. Clearly this is not an assumption
forced upon us as a result of hardware limitations, which is the case
with the assumption that the thrust magnitude is small. Rather, this
assumption is based on the conjecture that firing the thruster par-
allel/antiparallel to the velocity vector is close to optimal. Clearly,
firing the thruster parallel/antiparallel to the velocity provides the
largest local increase/decrease in the spacecraft’s mechanical en-
ergy. However, this argument does not prove optimality of this con-
trol strategy for the overall transfer. In fact, in absence of a constraint
on the overall time to complete a given circular-to-circular orbital
transfer, it is easy to construct low-thrust solutions that have the
same low-�V requirement as Hohmann transfers. But such low-
thrust solutions would require exceedingly long flight times. The
solutions presented here are reasonably fast transfers. The authors
believe that the solutions presented here are close to fuel optimal.
Allowing the thrust direction to vary can yield an optimal trajec-
tory, but as Melbourne notes in Ref. 17, “experience has shown
that the improvement in vehicle performance over a straightforward
tangential or circumferential constant thrust program is very slight.”
Herman and Conway18 obtain an optimal Earth–moon transfer by
varying thrust direction; however, their work differs significantly
from ours in that a third-body perturbation is included and Isp is
regarded as constant.

A. Basic Features of Optimal Transfer in Unconstrained Case
In Eq. (11), we have seen that the velocity increment associ-

ated with a low-thrust, circular-to-circular orbital transfer depends
only on the initial and final value of the semimajor axis, but is in-
dependent of the specific impulse or the thrust magnitude, just as
long as the thrust is always directed parallel to the velocity vec-
tor and the thrust time history is such that the orbit remains near
circular throughout the transfer. The explicit dependence of the ve-
locity increment required to perform such a transfer between the
prescribed initial and final values of the semimajor axis is shown
in Eq. (11). Based on this result, we then formulated in Sec. IV
an optimal control problem to achieve a prescribed velocity incre-
ment �V f within a prescribed maneuver time t f with minimum
fuel expenditure. Specifically for the VASIMR engine, where the
functional relation between specific impulse and thrust magnitude
is given by Eq. (5), we obtained the optimal time histories for the
thrust magnitude and the associated specific impulse as shown in
Eqs. (33) and (34). Interestingly, the optimal thrust time history and
the associated specific-impulse time history are not constant. The
optimal solution shows that, as a rule of thumb, higher thrust, at
the cost of a lower specific impulse, is used in the beginning of the
transfer. Notably, the optimal thrust history is the same for spiraling
inward as well as for spiraling outward. Specifically, we make the
following observations regarding the optimal solution expressed by
Eqs. (29–34):

1) The optimal thrust magnitude T ∗ is always proportional to the
mass m.

2) The resulting thrust acceleration T ∗/m is constant, namely,
T ∗/m = �V f /t f . Note that this acceleration represents only a hy-
pothetical change in velocity that the spacecraft would experience
if it were operating in the absence of other forces. However, as the
spacecraft is operating in a circular orbit in an inverse square grav-

itational field, firing low-thrust thrusters along the velocity vector,
for example, would cause the spacecraft to continuously slow down
rather than to increase its orbital speed.

3) The specific impulse I ∗
sp is linear in time.

Recall also that we assumed the control constraint (19) does not
become active. In other words, it is assumed that the engine is, in
fact, able to generate the thrust levels required by the optimal thrust
program (33). It is easy to verify that the optimal thrust is strictly
monotonically decreasing with time. Hence, the lowest and highest
thrust levels associated with the optimal program appear at the final
time and at the initial time of the transfer, respectively. Explicitly,
these maximum and minimum thrust values are

T (0) = m0�V f /t f (38)

T (t f ) = m f �V f /t f (39)

Interestingly, the results shown in Sec. IV imply that the fuel con-
sumption for a given orbital transfer is independent of the thrust
magnitude. Clearly, by inserting t = t f into Eq. (29), we find that
the final mass fraction obtained for the optimal solution is given by

m f

m0
=

(
1 + �V 2

f m0

2q Pt f

)−1

(40)

Clearly, the velocity increment is completely independent of the
actual thrust magnitude T , just as long as the thrust magnitude
is always low enough to qualify as low thrust. The solution rep-
resented by Eqs. (29–34) shows in detail how the actual transfer
is performed optimally with a low-thrust variable-specific-impulse
engine whose specific impulse and thrust magnitude are related
through Eq. (5). Obviously, the choice of the thrust magnitude along
the optimal transfer is relevant, as an increase in thrust magnitude
causes a reduction in the specific impulse and hence a reduction in
the fuel efficiency by virtue of Eq. (5). However, as can be seen
from Eq. (5), an increase in the power level P enables a proportion-
ate increase in the thrust magnitude T without affecting the specific
impulse Isp. In fact, from Eq. (40) it can be seen that changing the
power P by any factor Q > 0 and altering the maneuver time t f

by a factor 1/Q keeps the final mass fraction m f /m0 unchanged.
Furthermore, from Eq. (33) it is easy to verify that the optimal
thrust magnitude changes by a factor of Q uniformly throughout the
trajectory.

B. Comparison to Constant-Thrust Transfers
An interesting question to ask is how much fuel is saved through

the variable thrust capability alone, compared to a simple fixed-
thrust solution. To answer this question, we compare the final mass
fraction in Eq. (40) with the final mass fraction achieved for a transfer
with the same boundary conditions and with the same prescribed
maneuver time but with constant thrust.

To determine the thrust value required for this purpose, we now
consider the initial value problem (14–17) for the case of constant
thrust T . Using Eq. (15) to eliminate one of the two factors T in
Eq. (14), and using Eqs. (4) and (5) to eliminate the second factor,
we obtain

ṁ/m = −�V̇ /vε (41)

Integrating Eq. (41) with the initial conditions (16) and (17) yields
the well-known rocket equation

m(t) = m0 · exp[−|�V (t)|/ve] (42)

From Eqs. (14) and (16) it is clear that the mass m(t) is also given
by

m(t) = m0 − (T 2/2q P) · t (43)

Equating the right-hand sides of Eqs. (42) and (43), both evaluated
at the final time t f , yields after some rearranging

T =
√

(2qp/t f ) · m0 · {1 − exp[−(|�V f |/ve)]} (44)
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We assume that the thrust, specific impulse, and exhaust velocity
are constant and, just as in the case of variable thrust, related to one
another by Eqs. (4) and (5). Explicitly, Eqs. (4) and (5) imply that

ve = 2q P/T (45)

Thus, the thrust magnitude T appears also on the right-hand side of
Eq. (44), and Eq. (44) cannot be solved analytically for T . Equation
(44) has to be solved iteratively. Once T is obtained, the exhaust
velocity ve can then be obtained from Eq. (45), and the final mass
fraction m f /m0 can be obtained from Eq. (42), namely,

m f /m0 = exp(−|�V f |/ve) (46)

In the following section, this final mass fraction for the constant-
thrust case is compared to that obtained for the optimal variable
thrust case.

C. Numerical Example
In the following, we compare the final mass fraction in Eq. (40)

obtained for the optimal low-thrust circular-to-circular orbital trans-
fers to the final mass fraction in Eq. (46) obtained for the constant-
thrust case. Explicitly, we consider an Earth escape trajectory and an
initial mass m0 = 37,500 kg, an engine power P = 35,193.463 W,
and an engine efficiency q = 0.5. The thrust constraints are assumed
inactive so that Tmin and Tmax are not specified. The final velocity

Fig. 1 Optimal final mass fraction achieved with variable thrust. Re-
sults are shown for a range of prescribed values for the final velocity
increment and the maneuver time.

Fig. 2 Improvement in final mass fraction achieved with variable im-
pulse compared to fixed specific impulse. Results are shown for a range
of prescribed values for the final velocity increment and the maneuver
time.

increment �V f is prescribed at values between 1 and 5 km/s, and
the maneuver time is prescribed at values ranging from 50 to 100
days. Figure 1 shows the optimal final mass fraction achieved with
variable thrust, Eq. (40). The suboptimal final mass fraction (46)
[with T and ve obtained from Eqs. (44) and (45)] achieved with
constant thrust is, of course, always less or at best equal. The dif-
ference between the optimal and the suboptimal final mass fraction
is shown in Fig. 2.

VI. Conclusions
A fuel optimal control strategy is developed and analyzed for

any variable-specific-impulse system, and the strategy is applied
to the variable-specific-impulse rocket engine. For planar, time-
constrained, circular-to-circular, low-thrust orbital transfers it is
shown that the optimal thrust setting is always proportional to the
vehicle mass. That means the vehicle thrust acceleration remains
constant throughout a transfer, whether the spiral is inward or out-
ward. We also investigate how much fuel is saved with this control
logic compared to a constant thrust solution. The explicit percentage
of fuel savings depends strongly on the boundary conditions, that is,
on the flight time, and the initial and final values of the semimajor
axis.
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